It is now established that small Kerr−Anti-de Sitter (Kerr-AdS) black holes are unstable against scalar perturbations, via superradiant amplification mechanism. We show that small Kerr-AdS black holes are also unstable against gravitational perturbations and we compute the features of this instability. We also describe with great detail the evolution of this instability. In particular, we identify its endpoint state. It corresponds to a Kerr-AdS black hole whose boundary is an Einstein universe rotating with the light velocity. This black hole is expected to be slightly oblate and to co-exist in equilibrium with a certain amount of outside radiation.
some incoming waves, and since AdS is a box-like spacetime, the amplified radiation would be reflected back, and so on, leading to a black hole bomb [19, 20, 21] , or exponential growth of any perturbation. Two major results were reported:
(i) large (r + > ℓ) Kerr-AdS are stable [20, 21, 22] (where r + is the horizon radius and ℓ is the cosmological length). From a superradiance point of view, this is because the characteristic modes of large AdS holes are very large and do not satisfy the superradiant condition ω < mΩ H (see [20, 21, 23] for details). Here ω and m are the frequency and angular momentum of the mode, and Ω H is the horizon velocity of the black hole.
(ii) small (r + < ℓ) Kerr-AdS black holes are unstable against scalar perturbations [21] , precisely by a black hole bomb mechanism. The value r + = r c + = √ aℓ, which obviously depends on the rotation parameter a, plays a critical role. It was shown [21] that when, and only when, r + < r c + , Kerr-AdS black holes exhibit a classical (superradiant) instability. One of the purposes of this paper is to show that small Kerr-AdS black holes are also unstable against gravitational perturbations and therefore the metric is itself unstable 1 . Now, the boundary of the Kerr-AdS black hole, where the dual CFT lives, is conformal to a rotating Einstein universe. Remarkably, a Kerr-AdS black hole whose parameters satisfy the condition r + = r c + = √ aℓ, is a black hole for which the corresponding Einstein universe on the boundary rotates precisely with a critical value equal to the velocity of light. Black holes with r + < r c + correspond to an Einstein universe that rotates faster than the speed of light, while for r + > r c + the Einstein universe on the boundary rotates with velocity smaller than the light velocity. We will be able to follow the black hole evolution induced by the classical instability, and to identify the precise final configuration that describes the equilibrium endpoint of the instability. In particular, we will show that a small Kerr-AdS black hole that starts with a given rotation and whose horizon radius is such that r + < r c + , will lose angular momentum and increase its radius until its radius and rotation satisfy the relation r + = r c + = √ aℓ. At this point the system becomes classically stable. The endpoint configuration is therefore such that the Einstein universe that describes its boundary is rotating precisely with the speed of light.
In Section II, we show that small four dimensional Kerr-AdS black holes are unstable against gravitational perturbations, and we compute the instability timescale. From several arguments, presented in [20, 21] we expect higher dimensional Kerr-AdS black holes to be unstable as well. There is no known formalism to handle gravitational perturbations of this class of geometries, but in [24] the authors focused on a particular class of gravitational perturbations (which exist only for D ≥ 5) and showed that they too lead to instabilities. Using the results in [24] we compute in Appendix A the instability timescale for higher dimensional geometries. We close with Section III where we discuss the possible final state of this instability.
II. CLASSICAL INSTABILITY OF KERR-AdS BLACK HOLES AND ITS ENDPOINT

A. Kerr-AdS black holes in four dimensions
The metric of a four-dimensional Kerr-AdS black hole is
with
and ℓ = −3/Λ is the cosmological length associated with the cosmological constant Λ. This metric describes the gravitational field of the Kerr-AdS black hole, with mass M/Σ 2 , angular momentum J = aM/Σ 2 , and has an event horizon at r = r + (the largest root of ∆ r ). A characteristic and important parameter of a Kerr black hole is the angular velocity of its event horizon given by
3)
The area of the black hole horizon is
and its temperature is
In order to avoid singularities, the black hole rotation is constrained to be a < ℓ . (2.6)
B. Wave equation for gravitational perturbations
Gravitational perturbations of rotating black holes are best dealt with using Teukolsky's formalism [25] . The equation describing gravitational perturbations of Kerr-AdS black holes was obtained by Chambers and Moss [26] and also Giammatteo and Moss [26] . The result is again a system of two coupled ordinary differential equations, one radial and one angular.
To get the radial equation, start with Eq. (15) by Giammatteo and Moss [26] , which can be written as
where the primes stand for derivatives with respect to r, and
In the limit of asymptotically flat space (ℓ → ∞), Eq. (2.9) reduces to Teukolsky's [25] radial equation with spin s = −2. On the other hand, for a = 0 the following transformation 10) yields the Regge-Wheeler equation for X(r), in Schwarzschild-AdS spacetimes [27] . We note that the decomposition used in [26] is of the form e iωt+imφ . We adopted here the most common form e iωt−imφ so that waves co-rotating with the black hole have positive m. This will be important in the sequel, to decide when and why there is an instability.
The angular equation satisfies
where S = S(µ) and
For small rotation and small cosmological constant, λ → (l − 1)(l + 2). The primes stand for derivatives with respect to µ. Likewise, this angular equation reduces to the usual spin-weight 2 spherical harmonics when a → 0 and it reduces to the spin-weight 2 spheroidal harmonics [28] when l → ∞.
Solution in the near-region
For small AdS black holes, r + /ℓ ≪ 1, in the near-region, r−r + ≪ 1/ω, we can neglect the effects of the cosmological constant, Λ ∼ 0. Moreover, one has r ∼ r + , r + ∼ 2M , and ωa ∼ 0 (since ω ≪ M −1 and a ≪ M ), and ∆ r ∼ ∆ with
The near-region radial wave equation can then be written as
We find it convenient to express the last term in the following form, near the event horizon:
which using the explicit expression for K r can be shown to be, near r + ,
We have defined the superradiant factor
which will play an important role in the instability. For ω−mΩ H < 0 this factor is negative, and we have superradiance (see [21] for more details). It turns out that it is also in this regime that the spacetime is unstable. If one introduces a new radial coordinate,
with the event horizon being at z = 0, then the near-region radial wave equation can be written as
Through the definition
the near-region radial wave equation takes the form
This wave equation is a standard hypergeometric equation [29] , 
The first term represents an ingoing wave at the horizon z = 0, while the second term represents an outgoing wave at the horizon. We are working at the classical level, so there can be no outgoing flux across the horizon, and thus one sets B = 0 in (2.23) . This boundary condition also follows from regularity requirements [25] since R ∼ (r − r + ) −1 at the horizon for outgoing waves.
One is now interested in the large r, z → 1, behavior of the ingoing near-region solution. To achieve this aim one uses the z → 1 − z transformation law for the hypergeometric function [29] , 24) and the property F (a, b, c, 0) = 1. Finally, noting that when r → ∞ one has 1 − z = (r + − r − )/r, one obtains the large r behavior of the ingoing wave solution in the near-region,
Far-region wave equation and solution
In the far-region, r − r + ≫ M , the effects induced by the black hole can be neglected (a ∼ 0,
) and the radial wave equation (2.9) reduces to the wave equation of a graviton in pure AdS background. We will first find the solution to the Regge-Wheeler equation and then use (2.10) to find the Teukolsky function itself. Regge-Wheeler's equation in pure AdS is [27] (
An exact solution to this equation was found in [27] (see their Appendix): Near infinity x ∼ 1, we have, using known transformation laws for the hypergeometric functions,
29)
The boundary conditions appropriate for gravitational fields in AdS space have been discussed by a number of authors [30] . We will adopt Dirichlet boundary conditions here, although we suspect the results hold for more general boundary conditions (for instance, QNMs in AdS are weakly affected by boundary conditions [30] ; since there is a direct relation between the instability and QNMs in AdS [20] , we conjecture that the instability itself is weakly sensitive to these). These "reflective" boundary conditions imply that
For small values of r, we have
We can now use (2.10), which for small values of r takes the form
Thus,
(2.34) Matching (2.34) with (2.25) we get
This is an eigenvalue equation for ω. To show that instabilities are possible, we will expand this last equation around the pure AdS value [27] which is
with n an integer. We thus set (see [20, 21] for a more elaborate discussion on this)
First, we can use the following identities
to simplify the LHS of (2.35) to
Here P 1 is obviously positive. The RHS of (2.35) can be simplified by noting that
with P 2 a positive constant,
Finally, equating the RHS and LHS of (2.35), i.e., the inverse of (2.40) with (2.42) we get
Clearly, there is an instability whenever ̟ is negative (superradiant regime), since Ψ ∝ e iωt ∝ e −δt .
III. THE ENDPOINT STATE OF THE CLASSICAL INSTABILITY
It is in general impossible to predict the endpoint of an unstable system but, at least in the Kerr-AdS case, one can actually evolve the system perturbatively, or at the least make some educated guesses. The black hole is evolving while the instability is acting: the angular momentum of the hole is decreasing since supperadiant amplification of modes outside of the horizon will transfer angular momentum to the exterior fields. The energy release through gravitational waves (or any other field Ψ ∼ Ψ 0 e Im[ω]t sin Re[ω]t), goes like dE/dt ∼ |Ψ| 2 and therefore between t = 0 and t = T we have a radiated energy of
Now, an upper limit estimate for the total energy radiated can be obtained by equating to zero the final angular momentum and assuming an adiabatic process. Under these conditions the first law yields, for a, r + ≪ ℓ,
We thus conclude that for
the amplitude Ψ of the field is never large, i.e., that we can trust the perturbative regime at all times, since the instability stops for sufficiently low rotation. It is of course, possible that the instability timescale is much lower than the other timescales at stake (like for instance, a rotation period) that the instability is effectively unimportant, but we shall assume otherwise. Working in regime (3.3) we should then be able to follow the evolution of the instability in some detail, as we now explain.
From the results of the last section and from [21] one has that the real part of the frequencies that can propagate in the Kerr-AdS background are
where c s is a constant that depends on the spin of the particular wave we are considering; e.g., for scalar modes one has c s = 3 [21] , and for gravitational modes one has c s = 2 [see (2.36)]. The condition that must be satisfied in order to have superradiance is ω ≤ mΩ H . Use of (3.4) with large l = m, together with a ≤ ℓ, yields that superradiance holds while
The superradiant amplification of the wave is fed by the rotational energy of the black hole and thus, as the superradiant scattering proceeds, the angular parameter a decreases. Classically, when a decreases the radius of the horizon, r + , increases. Indeed, the variation of the horizon area (2.4) yields 6) and the classical constraint dA ≥ 0 implies that dr + > 0 when da < 0. This fact, together with condition (3.5), allows us to clearly identify the endpoint of the superradiant classical instability. We start with a small black hole with small r + and an angular parameter a satisfying the inequality displayed in (3.5). As the superradiant scattering continues, a decreases and r + increases. But as a decreases the critical radius r c + = √ aℓ also decreases, and thus there is a critical minimum value of a for which the radius of the black hole reaches the value of the critical radius r c + . This critical point describes the endpoint of the superradiant classical instability. We end up with a Kerr-AdS black hole whose horizon radius is larger than the initial black hole and with smaller rotation. This black hole is in equilibrium with rotating radiation that rotates in the same sense as the black hole. This radiation is trapped between the black hole horizon and the effective AdS wall.
But we can identify another important property of this final configuration. First note that the coordinate transformation
takes the Kerr-AdS metric (2.1) into a form in which the asymptotic AdS nature of the Kerr-AdS solution is manifest.
In particular, in these coordinates the angular velocity of the horizon is 8) and the angular velocity of the spacetime as ̺ → ∞ vanishes. The relation between the angular velocities at the horizon in the two coordinate systems, (t, ̺, Θ, ϕ) and (t, r, θ, φ), is Ω = Ω H + a/ℓ 2 . In these new coordinates the M = 0 Kerr AdS metric, that describes the asymptotic behavior of the Kerr AdS metric, takes the standard form,
A hypersurface of constant large radius ̺ in the Kerr AdS has therefore a metric that is conformal to a three dimensional Einstein universe,
10)
The coordinates t and ϕ in (3.10) are constrained to an identification required by regularity. Indeed, when we consider the Euclidean section of the Kerr-AdS black hole by analytically continuing the time coordinate and the angular parameter a, one finds that to avoid a conical singularity at ̺ + one must identify the Euclidean time coordinate with period β = 1/T where T is the black hole temperature (2.5). But this identification must also be accompanied by a rotation in ϕ, i.e., we must identify the points (t, ̺, Θ, ϕ) ∼ (t + iβ, ̺, Θ, ϕ + iβΩ), with Ω given by (3.8) . Now, the boundary solution (3.10) inherits the above identifications from the bulk geometry. In particular this means that this boundary Einstein universe is rotating with an angular velocity Ω given by (3.8) . Moreover, this solution is the boundary of a bulk AdS background whose typical radius is R AdS = ℓ, and thus the linear velocity of the rotating Einstein universe is v = Ωℓ. Therefore, for Ω > 1/ℓ (Ω < 1/ℓ), the Einstein universe on the boundary rotates faster (slower) than the speed of light. At the critical angular velocity Ω = 1/ℓ the boundary rotates exactly with light velocity. Use of (3.8) allows us to write the equivalent condition
But this value of r + coincides with the critical value r c + defined in (3.5). To conclude, we find that the endpoint of the classical instability is described by a Kerr-AdS black hole whose boundary is an Einstein universe rotating with the light velocity. This black hole should be slightly oblate since the most unstable modes are those with l = m = 2 and it should co-exist in equilibrium with a certain amount of outside radiation.
IV. CONCLUSION
We have shown that small Kerr-AdS black holes rotating with a velocity higher than the velocity of light are unstable: any small perturbation is exponentially amplified, via a superradiant mechanism, and the system behaves as a black hole bomb [20] . We have computed the growing timescales and oscillation frequencies of the corresponding unstable modes. More importantly, we have shown that for a large class of these geometries one can follow the evolution of the system, as the perturbative regime is always valid. The endpoint of the instability corresponds to a Kerr-AdS black hole whose boundary is an Einstein universe rotating with the light velocity. This black hole is expected to be slightly oblate and to co-exist in equilibrium with a certain amount of outside radiation. It is thus conceivable that new solutions to Einstein's equations exist which describe such a geometry. In fact, the perturbative approach followed here already gives such a geometry to first order in the "oblatness" parameter, i.e., in deviation from the Kerr-AdS black hole solution.
The result is
where
The most general solution of Eq. (A16) in the neighborhood of v = 0 is
Since the second term describes an outgoing wave near the horizon, we set B = 0. The asymptotic behavior of the near-horizon solution is
where we have used the property of the hypergeometric functions:
Solution in the far-region
In the far-region, r ≫ M , the effects induced by the black hole can be neglected (a ∼ 0, M ∼ 0, ∆ r ∼ r 2 [1 + r 2 /ℓ 2 ]) and the radial wave equation (A8) reduces to the wave equation of a scalar field of frequency ω and angular momentum l in a pure AdS background. The wave equation can be written in a standard hypergeometric form. First we introduce a new radial coordinate,
with the origin of the AdS space, r = 0, being at x = 1, and r = ∞ corresponds to x = 0. Then the radial wave equation (A8) can be written as 
Through the definition 
The most general solution in the neighborhood of x = 0 is Υ = A F (α, β, γ, x) + B x 1−γ F (α − γ + 1, β − γ + 1, 2 − γ, x) .
Since F (a, b, c, 0) = 1, as x → ∞ this solution behaves as Z ∼ Ar −2N −2 + B. But the AdS infinity behaves effectively as a wall, and thus the scalar field must vanish there which implies that we must set B = 0 in (A26).
We are now interested in the small r, x → 1, behavior of (A26). We note that γ is an integer and that γ = α + β − (l + N ) and thus some care must be exercised in expanding this function. We get [29] Z ∼ C Γ(1 + N )Γ(N + 2) Γ( 
This can be matched to (A19), and the instability timescale can be obtained using the procedure explained in the main body of the paper.
